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Laboratory for internal gravity-wave dynamics: the numerical
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SUMMARY

We have extended the classical terrain-following coordinate transformation of Gal-Chen and Somerville
to a broad class of time-dependent vertical domains. The proposed extension facilitates modelling of
undulating vertical boundaries in various areas of computational fluid dynamics. The theoretical devel-
opment and the efficient numerical implementation have been documented in the context of the generic
Eulerian/semi-Lagrangian, non-oscillatory forward in time (NFT), nonhydrostatic model framework. In
particular, it allows the simulation of stratified flows with intricate geometric, time-dependent boundary
forcings, either at the top or at the bottom of the domain. We have applied our modelling framework in
the direct numerical simulation of the celebrated laboratory experiment of Plumb and McEwan creating
the numerical equivalent to their quasi-biennial oscillation (QBO) analogue. The QBO represents a con-
spicuous example of a fundamental dynamical mechanism with challenging detail, which is difficult to
deduce from experimental evidence alone. A series of 2D and 3D simulations demonstrate the ability to
reproduce the laboratory results. The numerical experiments identify the developing periodically revers-
ing mean flow pattern primarily as a wave—wave mean flow interaction-driven phenomenon. The results
not only enhance the confidence in the numerical approach but further elevate the importance of the
laboratory setup in its fundamental similarity to the atmosphere, while allowing the study of the prin-
cipal atmospheric mechanisms and their numerical realizability in a confined ‘laboratory’ environment.
Copyright © 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The quasi-biennial oscillation (QBO) represents the dominant variability in the equatorial
stratosphere [1]. It exhibits a fundamental dynamical mechanism with challenging detail: the
interaction of propagating waves with a mean flow. Holton and Lindzen [2,3] were among
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the first to present a conceptual model of the QBO describing this interaction. In a viscous,
non-rotating® Boussinesq fluid, the interaction can be described by the averaged momentum
equations in a horizontally periodic domain as

oU 02U oF;
o VT i M

where U :=u"" denotes the horizontally averaged (mean) flow, v denotes the kinematic vis-

cosity and F:=u'w”" expresses the averaged nonlinear momentum flux.5 Most atmospheric
research of the QBO [1] is devoted to finding the precise physical origins of the rhs of
Equation (1) and their numerical realizability in the context of numerical weather prediction
and climate models. In spite of numerous studies, see Reference [1] for a recent review,
a complete understanding of the QBO eludes the efforts.

The principal mechanism of the QBO was demonstrated in the laboratory experiment of
Plumb and McEwan [5]. The laboratory analogue of the stratospheric equatorial oscillation
consists of a cylindrical annulus filled with density-stratified salty water, forced at the lower
boundary by an oscillating membrane. At sufficiently large forcing amplitude the wave motion
generates a longer period zonal mean flow oscillation. The laboratory experiment is often
employed to explain the basic mechanism of the atmospheric QBO [1]. However, it also
has been criticized for its apparent fundamental difference to the QBO [6]. In the laboratory,
the average momentum-flux convergence has been attributed almost exclusively to viscous
and thermal dissipation of internal waves [5,7, 8]. In the atmosphere, wave transience and
subsequent breaking are considered chronologically more important primary causes of the
zonal mean flow oscillation [6,8]. Furthermore, it is argued that a continuous spectrum of
waves, rather than a discrete pair of phase speeds, contributes to the QBO [8]. Consequently,
a direct application of the analysis of the laboratory results to atmospheric observations has
been questioned [6].

We employ a direct numerical simulation of the QBO analogue to resolve the apparent
difference in interpretation. We demonstrate that our numerical model is able to reproduce
the laboratory results while allowing a detailed analysis of the precise origin of the averaged
momentum flux. We find that wave—wave mean flow interactions (see Reference [9] for a
discussion) are the chronologically more important primary cause of the zonal mean zonal
flow oscillation in the laboratory experiment—in analogy to the effect of wave transience
in a compressible atmosphere [6]. It elevates the importance of the laboratory setup for its
fundamental similarity to the atmosphere. This allows us to utilize the conceptual simplicity
of the experiment to investigate various aspects of numerical realizability and parametric
dependence of the atmospheric QBO in a well-observed confined ‘laboratory’ environment.
Ultimately, it is our aim to provide a catalogue of sensitivities that can be employed in
numerical weather prediction and climate models to enable the successful simulation of such
a mean-flow oscillation.

£The QBO has its maximum at the equator where the Coriolis parameter f =0.

8In the context of time-varying mean flow oscillations it is important to note that the second ‘Eliassen—Palm
theorem’ [4], stating the height independence of the vertical flux of horizontal momentum u'w’"”, refers to a steady
state in the absence of damping and critical levels.
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2. THE NUMERICAL MODEL

The equations of motion for a non-rotating, density-stratified viscous Boussinesq fluid—
an appropriate approximation for salty water [10]—are

V-(pov)/:O
Dv , o 1
D
P V2 v Vp.

D¢

Here, the operators D/D¢, V, and V- symbolize the material derivative, gradient, and diver-
gence; v denotes the velocity vector; p’ and n’ denote, respectively, density and normalized-
pressure perturbations with respect to the static ambient state characterized by the linearly
stratified profile p.; g symbolizes the gravity vector, and py a constant reference density. V-1
is the divergence of the viscous stress tensor (a kinematic viscosity v=1.004 x 10~=® m? s~!
is assumed); and x(=1.5 x 107 m? s~!) is the diffusivity of salt in water.

Equations (2) are cast in a time-dependent curvilinear framework [11, 12], employing the

generalized Gal-Chen coordinate transformation

Z— Zs(x, y,t)
H(x,y,t) —zo(x, y,t) (3)

whose theoretical development and efficient numerical implementation were discussed thor-
oughly in Reference [13]. Transformation (3) allows for time-dependent upper, H(x, y,¢), and
lower, zy(x, y,t), boundary forcings without small-amplitude approximations. In particular, it
enables the direct numerical simulation of the laboratory experiment. In standard atmospheric
models a major uncertainty arises from the lack of knowledge of the required wave forcing
and its numerical realizability, rendering a detailed analysis of the QBO more difficult.

The governing equations (2) are integrated numerically in the transformed space using a
second-order-accurate, optionally semi-Lagrangian or Eulerian, nonoscillatory forward-in-time
(NFT) approach, broadly documented in the literature (cf. Reference [14] for a recent re-
view; alternatively see Reference [12] in the same issue for a brief summary). Here we
employ the flux-form Eulerian, semi-implicit version of the algorithm based on the mono-
tone MPDATA transport scheme [15]. All prognostic equations in (2) are integrated along
flow trajectories using the trapezoidal rule, treating all forcings on the rhs implicitly; the vis-
cous and diffusive terms are computed to first-order accuracy, assuming V.t"!=
V1" 4+ O(At) (and similar for kV2p’); see Section 3.5.4 in Reference [15]. Together with
the curvilinearity of the coordinates, this leads to a complicated elliptic problem for pressure
(see Appendix A in Reference [11] for the complete description) solved iteratively using the
preconditioned generalized conjugate-residual approach—a non-symmetric Krylov-subspace
solver [16].

t_:ta X=x, J_’:% Z=H,

3. THE QUASI-BIENNIAL OSCILLATION ANALOGUE

The laboratory experiment of Plumb and McEwan was conducted in a transparent cylin-
drical annulus (radii a=0.183 m and »=0.3 m) filled with density-stratified salty water to
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a height of z,, =0.43 m. The lower boundary consisted of a thin rubber membrane which
oscillated with a constant frequency wo [5]. In our numerical simulation of their labora-
tory setup we assume an initially stagnant, viscous Boussinesq fluid forced by an oscillating
lower boundary. The cylindrical setup of the laboratory tank is replaced with a zonally-
periodic, rectangular computational domain consisting of 639 x 38 x 188 grid intervals with
L,=2n(a+b)/2, Ly,=b—a, L.=0.6 m and impermeable boundaries. The lower boundary
shape is specified as

. . (2 .
z(x, y,t) =¢sin (n y) sin ( s x) sin(wgt) 4)
L, L,

with s =8 and forcing amplitude ¢ =0.008 m. The initial condition is assumed identical to the
static ambient state with a buoyancy frequency N = 1.88s~!. The integration time was several
hours with a time-step df=0.05s. The distance L, — z,, is designated to an absorbing layer,
which suppresses spurious wave reflection from the upper rigid lid, simulating an infinite
water tank. In our 3D simulations we find, however, reflections from the upper boundary to
be negligible in agreement with laboratory observations [5].

Starting from a zero background flow we observe symmetrical, upward propagating, standing
gravity waves in the horizontal. After approximately 1-2 h (in agreement with laboratory
observations [5])I the wave field distorts. A single horizontal and a range of vertical wave
numbers are observed in each phase of the zonal mean flow oscillation. The internal waves
interfere with each other in the vertical, and spatial patterns of reinforcement and cancellation
appear. Subsequently, the coherent wave structures break down, and locally zonal flow shear
layers of critical magnitude form, giving rise to an apparent downward propagation of a mean
zonal flow pattern which reverses sign in a periodic manner. Figure 1 shows time-height
cross-sections of the zonal mean flow for two representative simulations. Table I summarizes
the quantitative comparison between our simulations and the laboratory analogue of Plumb
and McEwan. The table also shows results of the experiment repeated at the university of
Kyoto [18] where the oscillating membrane was placed at the top of an annulus initiating an
oscillation with an apparent upward propagation of the mean flow. In this case the correct
physical lower boundary is a rigid lid and the upper boundary entering the transformation in
(3) is given as

H(%J’J):HO*ZS(X,)/J) (5)

Notable in the results of Table I is our inability to reproduce the precise period of the
original Plumb and McEwan experiment; yet by doubling the frequency or the physical do-
main (viz. the horizontal wavelength) we obtain comparable periods. However, our numerical
analogue of the Kyoto experiment setup compares favourably. In particular, the filmed time
evolution of the experiment [18] agrees well with our numerical simulation. In all experiments
the observed mean flow magnitude is consistent with predictions from linear theory of critical

YA better comparability of simulated and laboratory results for larger annuli (see Table T) suggests that curvature
effects (see Reference [17] for a discussion) may be worth investigating; we hope to address this in future.
IWe find that we can save substantial CPU time (without affecting the results) by forcing an initial oscillation
with a background flow in the near-membrane layers. This mechanism has been used in all simulations
summarized in Table 1.
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Figure 1. Time-height cross-sections of the zonal mean flow velocity at y =L, /2 in our numerical
simulations. Plate a shows the Plumb and McEwan numerical analogue [case (c) in Table I] and
plate (b) shows our results for the Kyoto laboratory setup [case (d) in Table I]. Plate (a) compares

with Figure 10 in Reference [5]. The units are in ms™'.

Table I. Comparison of the zonal mean flow oscillations in the laboratory experiments [Lab] (Plumb
and McEwan [P+ E] and the university of Kyoto [Kyoto]) and in our numerical simulations [Num].

Description* Ly [m] L, [m] L. [m] &[mm] o [s™'] N [s7'] Tp[min] z [m] Ao [ms™']
(a) Lab: P+E 152 0.117 0.43 8.0 0.43 1.88 82 0.2 0.0085
(b) Lab: Kyoto ~ 3.14 0.2 0.6 11.0 0.40 1.60 76 — —
(¢)Num: P+E 152 0.117 0.6(043) 8.0 0.43 1.88 32 0.18 0.009
(d) Num: Kyoto  3.14 0.2 0.6 11.0 0.40 1.60 76 0.3 0.023
(e) Num: P+E 314 02 0.6(043) 8.0 0.43 1.88 100 0.4 0.022
(f) Num: P+E  1.52  0.117 0.6(043) 8.0 0.86 1.88 106 0.4 0.025

To, 20, and Ay symbolize the period, the vertical extent, and the observed maximum mean-flow speed of the zonal
mean zonal flow oscillation, respectively, for the given domain (viz. wave length), forcing frequency wy, forcing
amplitude ¢, and stratification N.

* The value for Ty in the Kyoto setup is deduced from the movie found in Reference [18]; zy and 4, are not given.
The value for N in the P+E setup is obtained from the derived values of Figure 10 in Reference [5], 7Ty =476,
dy=0.17, and their formulas 4.10—4.12. All other values are taken as stated in the cited references.

levels (i.e. postulated by the singularity of the Taylor—Goldstein equation [19, pp. 320-324])

Ucrlt - (27'CS/LX) (6)
and we find that the period of the oscillation is sensitive to Uly.
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4. REMARKS

We find numerical evidence that the periodically reversing mean flow pattern in the laboratory
analogue is driven by internal wave—wave mean flow interactions with a non-zero momentum
flux divergence primarily resulting from vertical wave interference, subsequent wave momen-
tum flux changes and locally, critical layer wave attenuation enhanced by wave breaking.

A comprehensive analysis of the gathered numerical data underline our conclusions and
reveal a different interpretation of the oscillation mechanism than that described in
Reference [7]. This is discussed in Reference [20] together with a detailed account of the
numerical and parametric sensitivities and a discussion of the theoretical and practical impli-
cations on the atmospheric QBO.
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